General metric theories in a four-dimensional spacetime allow at most six polarization states (two spin-0, two spin-1 and two spin-2) of gravitational waves (GWs). If a sky location of a GW source with the EM counterpart satisfies a single equation that we propose in this paper, both the spin-1 modes and spin-2 ones can be eliminated from a certain combination of strain outputs at four ground-based GW interferometers (e.g. a network of aLIGO-Hanford, aLIGO-Livingston, Virgo and KAGRA), where this equation describes curves on the celestial sphere. This means that, if a GW source is found in the curve (or its neighborhood practically), a direct test of scalar (spin-0) modes separately from the other (vector and tensor) modes become possible in principle. The possibility of such a direct test is thus higher than an earlier expectation (Hagihara et al. PRD, 100, 064010, 2019), in which they argued that the vector modes could not be completely eliminated.
I. INTRODUCTION
The greatest achievement in Einstein's theory of general relativity (GR) is that our spacetime is not a fixed flat background but becomes a dynamical system, and it is described by using a metric in pseudo Riemannian geometry [1, 2] . GR may be conflict with suggestions from quantum physics and string theoretical viewpoints, though GR has passed the parameterized post-Newtonian (PPN) tests over a century and it is consistent also with aLIGO and Virgo observations of gravitational waves (GWs) [3] . The PPN tests are limited within a weak field such as the solar system (or mildly relativistic system such as a binary pulsar). In this sense, GW observations in a strong field must be important for probing new physics beyond GR. General metric theories in a four-dimensional spacetime allow at most six GW polarization states (two spin-0, two spin-1 and two spin-2) [4] . Note that two scalar modes (called Breathing and Longitude modes) are degenerate for interferometers [5] . Hence, we consider a combination of the two scalar modes in this paper.
The first test on the GW polarizations was done for GW150914 [6] . This test is inconclusive, because the number of GR polarizations in GR was equal to the number of aLIGO detectors. The addition of Virgo to the GW detector network allowed for the first informative test of GW polarizations for GW170814. Their analysis shows that the GW data are described better by the pure tensor modes than pure scalar or pure vector modes, with Bayes factors in favor of tensor modes of more than 100 and 200, respectively [7] . A range of tests of GR for GW170817, the first observation of GWs from a binary neutron star inspiral, were done by aLIGO and Virgo [8] .
The tests include a test similar to Ref. [7] by performing a Bayesian analysis of the signal properties with the three detector outputs, using the tensor, the vector or the scalar response functions, though the signal-to-noise ratio in Virgo was significantly lower than those in the two aLIGO detectors. Note that the data stream in Virgo still carries information about the signal. The prospects for polarization tests were discussed (e.g. [9] [10] [11] [12] ).
KAGRA is expected to soon add to the network of GW detectors [13] . The four noncoaligned GW detectors will allow for better tests of extra GW polarizations and stronger constraints on them. Generally speaking, the number of the detectors including KAGRA is still smaller than the maximum number of the possible polarizations. Hagihara et al. found that there exist particular sky positions that allow a test of vector modes separately from the other modes, because the contributions of possible scalar modes from the GW source in a particular sky direction can be canceled out in a linear combination of the detectors' outputs [14] .
Investigating scalar modes is more important than vector modes, because many theories of modified gravity, notably scalar-tensor theories, have attracted a lot of interest so far [15] . Therefore, Hagihara et al. examined whether both vector and tensor modes can be perfectly killed in a sky position [16] . They did not find such particular sky positions. However, there exist some source regions in which the contributions from vector modes are not zero but significantly small with killing tensor modes.
The main purpose of the present paper is to examine whether only the scalar modes can be extracted from a linear combination of the outputs of four detectors. We show that, if a GW source is found in a particular sky region, the scalar modes can be tested separately from the other (vector and tensor) modes in principle. This paper is organized as follows. In Section II, we discuss how to find a particular linear combination of the detector outputs for perfectly killing both the vector mode and the tensor one. Section III mentions the arrival time difference between detectors. Section IV is devoted to Conclusion.
Throughout this paper, c denotes the speed of light. Latin indices a, b, · · · run from 1 to 4 corresponding to four detectors. We use the Einstein's summation conven- Let us imagine four noncoaligned detectors (a = 1, 2, 3, 4). As is the case of GW events with an EM counterpart such as GW170817 [17] , we assume also that, for a given GW source, we know its sky position. By this second assumption, we know exactly how to shift the arrival time of the GW from detector to detector.
A general metric theory in a four-dimensional spacetime allows at most six polarizations [4] ; h S for a spin-0 breathing mode, h L for a spin-0 longitudinal mode, h V and h W for two spin-1 modes, h + for a spin-2 plus mode and h × for a spin-2 cross mode. The antenna pattern function of each detector to these polarization modes is denoted as F I a , where I = S, L, V, W, +, × [18] [19] [20] . F I a is a function of the GW source direction and the polarization angle. The subscript a of F I a for a polarization state means a label in the configuration space of the four detectors but not in the physical spacetime.
The strain output at each detector is a superposition as [5, 18] 
where n a denotes a noise.
First, we study how to eliminate three polarization modes from the signal output in Eq. (1). We introduce the Levi-Civita symbol in the detector configuration space ε abcd (a, b, c, d take from 1 to 4), where ε 1234 = 1, ε abcd is completely antisymmetric, and the superscripts such as abcd are denoting GW detectors. Therefore, ε abcd is independent of coordinate transformations and hence it is a scalar in the physical spacetime.
By noting the complete antisymmetry of ε abcd , one
We define a projection operator in a space of the antenna pattern functions. For F I a , F J b and F K c , we define
By using this projection operator, we eliminate three polarizations from the signal output. For I = W , J = + and K = × for example, the projection operator becomes Π aW +× . For this example, h W , h + and h × in the strain outputs {S a } are eliminated as
We refer to Eq. (3) as a W + × null stream. By the same way, we can define ten null streams for the four detectors as Π aSV W S a , · · · , Π aW +× S a . This type of null streams including Eq. (3) are discussed by Chatziioannou et al. [24] . If the coefficient of h V in Eq. (3) vanishes in a certain sky region, there remains only the spin-0 part in the null steam. Thereby, the spin-0 polarization test is possible, if a GW source is found in this sky region. The vanishing coefficient condition is
This is rewritten in the form of the determinant of a 4×4 matrix as
The components of h V , h W , h + and h × are dependent on a choice of a reference axis in the transverse plane, corresponding to a degree of freedom for a rotation around the GW propagation axis. Therefore, one may ask whether the above condition by Eq. (4) is invariant under the rotational transformation.
We study a rotational transformation of the GW components [18] , where the rotation is considered around the GW propagation axis with the rotation angle denoted as η. h + and h × are spin 2. They are transformed as
The bar denotes a quantity after the rotational transformation.
The antenna pattern functions of each detector for h + and h × are transformed as
cos 2η − sin 2η sin 2η cos 2η
Next, we consider spin 1. h V and h W are transformed as
The antenna pattern functions of each detector for h V and h W are transformed as
By using Eq. (7), one can show where ε abcd is a constant for the rotation. Therefore, ε abcd F + c F × d is invariant for the rotational transformation. By using Eq. (9) in the similar manner, we find
Therefore, ε abcd F V c F W d is invariant for the rotational transformation.
By combining Eqs. (10) and (11), one can show
Therefore, D 4 in Eq. (5) is invariant for the rotation around the GW propagation axis. Eq. (4), which is equivalent to Eq. (5), describes particular sky positions, in which every of the spin-1 (h V and h W ) and spin-2 (h + and h × ) parts are eliminated in the null stream. Namely, Eq. (3) for such a particular source location becomes
A direct test of the scalar modes becomes possible, if the GW source position satisfies Eq. (5). This is a main result of this paper. See Figure 1 for sky locations of D 4 = 0. See also Figure 2 for a contour map of D 4 in the sky.
B. Comparison with a three-detector null stream approach
For a comparison, we follow References [14, 16] to prepare two sets of detectors for four detectors; the set (1) is the detectors a = 1, 2, 3 and the other set (2) is a = 2, 3, 4. We define three-dimensional vectors from antenna pattern functions as
We define also vectors for strain outputs and noises as
n (1) ≡ (n 1 , n 2 , n 3 ),
n (2) ≡ (n 2 , n 3 , n 4 ).
The outer product as F + (1) × F × (1) is perpendicular to both F + (1) and F × (1) , where the outer product is defined in a detector space. Therefore, we use it to eliminate the spin-2 + and × modes from the strain outputs.
where · denotes the inner product. These equations are often called null streams in the literature [21] [22] [23] [24] . We refer to them as tensor null streams, because only the spin-2 modes are completely killed. Tensor null streams are originally for three detectors [20] . If and only if the antenna pattern functions satisfy 2) ]h W in the righthand side of Eq. (21) for any h V and h W . Therefore, there exists a linear combination of Eqs. (20) and (21) , such that the spin-1 polarizations also can be eliminated. The resultant combination contains only the spin-0 mode with eliminating the other (spin-1 and spin-2) modes. It seems that this is the same as Eq. (13) is factorized as
where we define = 0 is a case that tensor antenna pattern functions of the second and third detectors are degenerate. See Figure 3 for sky locations of D 6 = 0. For the case of D 4 = 0, there remains h V in the right-hand side of Eq. (3). This means that the case of D +× 2 = 0 does not lead to a null stream. Therefore, the present formulation to four detectors improves an earlier approach [14, 16] combining two tensor null streams. Hagihara et al. (2019) considered the two null streams as Eqs. (20) and (21) [16] . They examined whether the four coefficients of h V or h W can simultaneously vanish. However, vanishing of the four coefficients is too strong. For a direct test of the scalar modes, it is enough that two coefficients vanish.
III. ON THE ARRIVAL TIME OF EXTRA POLARIZATION MODES
In discussions from Eq. (6) to Eq. (13), we assume that the speeds of the same spin modes are identical. But a different spin mode may travel at different speed. We denote the speed of spin-h mode (h = 0, 1, 2) as c h . We examine whether the shift of the arrival time difference from detector to detector should be changed for extra polarization modes.
At the Earth, the arrival time difference between the spin-h mode and the light signal is
where D is the distance to the source. The arrival time difference between two detectors (a and b) for the spin-h mode is defined as
where D a and D b denote the distance from the source to the detector a and b, respectively. By combining Eqs.
(26) and (27), we eliminate c h to obtain
The first term in the right-hand side of Eq. (28) is the normal arrival time difference between detectors, which has been already taken into account in the GW data analysis. The second term is due to the deviation from the light speed. The arrival time difference between detectors by c h − c is roughly estimated as
We assume |D a −D b | ∼ the Earth size and the data analysis duration for one GW event is ∼ 3600 seconds for the simplicity. If the extra mode arrives much later, say a few weeks later, we can hardly recognize that it came from the same event. A few-hours delay may be identified as the same event in data analysis. Therefore, a case that a hypothetical scalar is nearly massless can be tested in the present approach, while a scalar with heavy mass is beyond the reach of the present method because of large delay. If we analyze the data for testing extra modes arriving before an hour later, the correction to the arrival time difference between detectors for D ∼ 40Mpc is around ∼ 10 −14 seconds, which may be currently negligible in the data analysis of waves with the frequency band around a few kHz.
IV. CONCLUSION
We considered strain outputs at four noncoaligned detectors such as a network of aLIGO-Hanford, aLIGO-Livingston, Virgo and KAGRA [13] . Generally speaking, five unknowns {h S − h L , h V , h W , h + , h × } cannot be determined from four outputs {S 1 , S 2 , S 3 , S 4 }. If a sky location of a GW source with the EM counterpart satisfies a single equation that we proposed in this paper, both the spin-1 modes and spin-2 ones can be eliminated from a certain combination of strain outputs at the four detectors, where this equation describes curves on the celestial sphere. If a GW source is found in the curve (or its neighborhood practically), a direct test of the scalar modes separately from the other (vector and tensor) modes become possible in principle. The possibility of such a direct test is higher than the earlier expectation (Hagihara et al. PRD, 100, 064010, 2019), which argued that the vector modes could not be completely eliminated.
